We estimate the relative contribution of nuclear structure and new physics couplings to the parity non-conserving spin-independent effects in atomic systems, for both single isotopes and isotopic ratios. General expressions are presented to assess the sensitivity of isotopic ratios to neutron skins and to couplings beyond standard model at tree level. The specific coefficients for these contributions are calculated assuming Fermi distribution for proton and neutron nuclear densities for isotopes of Cs, Ba, Sm, Dy, Yb, Pb, Fr, and Ra. The present work aims to provide a guide to the choice of the best isotopes and pairs of isotopes for conducting atomic PNC measurements.
I. INTRODUCTION
Parity-nonconserving (PNC) effects observed in lowenergy atomic experiments can provide a precise test of the standard model (SM) and serve as probes of its possible extensions. For a range of new-physics scenarios, notably for those which manifest themselves at lower energies, atomic tests can give complementary and sometimes better probe compared to experiments at high-energy colliders [1] . Currently, a number of experiments are being conducted, with the aim to measure the PNC effects in isotopic chains, for example Yb experiment in Mainz [2] and Fr experiment at TRIUMF [3] .
Parity violating weak interaction between electron and quarks in a nucleus is mediated by the heavy Z 0 -boson (M Z ≈ 91.2 GeV), therefore on atomic and even nuclear energy scales it can be considered point-like. This interaction is given by the product of axial and vector neutral currents. One can neglect internal nucleon structure and combine individual quarks into protons and neutrons [4] , in which case the PNC part of the Hamiltonian for neutral currents is written as:
where the two terms represent the nuclear spin independent (SI) and dependent (SD) parts, respectively. The operators B and e are nucleon and electron field operators, B runs over all protons (p) and neutrons (n) in the nucleus, γ µ (µ = 0, 1, 2, 3) and γ 5 are Dirac matrices and
is the Fermi weak-interaction constant. With θ W being the Weinberg angle (sin 2 θ W ≈ 0.23) and nucleon axial charge being g A ≈ 1.26, the coefficients from (1), calculated in the lowest tree-level approximation of SM, are
Spin-independentĥ SI arises from the coupling of electron axial current and nucleon vector current. On the other hand,ĥ SD comes from the coupling of electron vector current and nucleon axial current. All nucleons contribute coherently toĥ SI , but protons considerably less than neutrons (since C 1p C 1n ). In SD part only the valence nucleon contributes, moreover, both C 2p and C 2n are small. Theĥ SD contribution is thus typically three orders of magnitude smaller than that ofĥ SI . It should be noted that there exist other spin-dependent PNC contributions, arising for example from nuclear anapole moment, but they are usually still small in comparison to the first term of (1) [5, 6] .
In this work we focus onĥ SI . Treating nucleons nonrelativistically, one can rewrite it as an effective singleelectron operator
where ρ p and ρ n signify proton and neutron densities as functions of a radial variable r, both normalized to unity. Most often, the difference of ρ p and ρ n is neglected and (6) turns intoĥ
Here Q W is the weak charge of the nucleus. Within treelevel of SM, the weak charge is given by
The more precise SM value of Q W with radiative corrections included, accurate at the 0.1% level, is [7] :
The values of (10) and (11) differ typically by 0.5%, for the isotopes investigated in Section IV.
Here ρ p and ρ n are normalized to unity. Throughout the present work, we assume proton density equal to charge density ρ p = ρ charge .
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It is useful to introduce an equivalent radius R as a substitute for the rms radius r rms = r 2 . In the case of a sharp-edge uniform spherical nucleus (SE model), from the definition of r 2 , the two radii are related as:
It should be noted that the expression of R through r rms varies according to the nuclear density model used.
As follows from expressions for s and p 1/2 wave functions presented in Appendix, the normalization factor N in (14) can be expressed through the proton distribution equivalent radius:
Here a B is Bohr radius and γ = 1 − (αZ) 2 , with α being fine structure constant and Z the atomic number. Some classes of interactions beyond SM would contribute to the observed nuclear weak charge Q W [9] and, correspondingly, to the effective nuclear weak chargeQ:
An observation of ∆Q would be a hint for beyond SM interactions. Uncertainties in the knowledge of the neutron distribution ρ n , however, may hinder the extraction of ∆Q for neutron-rich nuclei. The problem in our case would be the poorly known radius of neutron distribution for most elements. The difference between radii of neutron and proton distributions is often referred to as neutron skin. For example, it was measured in 208 Pb by PREX collaboration to be 0.33
−0.18 fm [10] . In [11] , the PNC transition amplitude between the 6s and 7s states of neutral 133 Cs was measured with an accuracy of 0.35%. There is only one electron above closed shells in Cs, which makes precise atomic calculations feasible and the electronic part A ps can be accounted for by numerical calculations without acquiring significant errors [12] [13] [14] . Taking into account neutron-distribution corrections [15] , Q W of Cs was found to be in agreement with SM, leading to strong constraints on possible newphysics scenarios.
In heavy atoms, the PNC effect should be enhanced, since the atomic PNC observable related to (14) grows faster than Z 3 [16] , but the interpretation of singleisotope measurement requires precise evaluation of A ps , which, for atoms with multiple valence electrons, is far from trivial. It was proposed [17] to measure ratios of PNC matrix elements in different isotopes of the same atom, thereby canceling out the atomic part:
Here M and M correspond to the matrix elements (14) for isotopes of a given element with N and N neutrons, respectively. Moreover, it was pointed out in [4, 18] that isotopic ratios are more sensitive to neutron-distribution uncertainties, compared to measurements in a single isotope. Isotopic ratios are less sensitive to certain types of new physics [9] , on the other hand their reach is complementary to single-isotopes measurements. It is thus possible [4, 19] to use isotopic comparison to probe neutron skins, test various nuclear-structure models and search for new physics. This work is organized as follows: in section II we derive analytical expressions for isotopic ratios (21) in sharp-edge and Fermi distribution models of the nuclear density, and investigate the contributions of neutron skin and new physics to these ratios. Section III is dedicated to a brief discussion of the role of nuclear deformations in spin-independent atomic PNC effects. In section IV we evaluate the coefficients of different contributions to the nuclear part NQ in (14) for a list of atoms of experimental interest for PNC measurements, namely Cs, Ba, Sm, Dy, Yb, Pb, Fr, and Ra. We discuss our results in the section V and present our conclusions in section VI.
II. ISOTOPIC RATIOS
Let us examine the sensitivity of isotopic ratios to new couplings manifested in the effective nuclear weak charge. Here we split the hypothetical new physics correction ∆Q to the effective weak charge (20) into proton and neutron contributions:
For the present purposes, we can roughly assumeQ ≈ −N . To first order of Taylor expansion and denoting ∆N = N − N , one can write:
Isotopic ratios are therefore primarily sensitive to the new proton couplings ∆Q P (or, equivalently, twice as sensitive to the u-quark than to the d-quark couplings). Now consider the nuclear-structure corrections [9, 18] . As a first approximation, we use a simplified model of the nucleus: proton and neutron densities are concentric sharp-edge spheres of given radii R p and R n . Using the expansions of Dirac wave functions of s and p 1/2 electrons inside the nucleus, one can show that the normalized wave-function density f (r) inside the nucleus [see Eq. (13) and formulas in the Appendix] is:
Performing the integrations in (16) and (17), one finds:
The function q p is insensitive to the nuclear parameters R p and R n to first order in (Zα) 2 , and
In the sharp-edge spherical model, the radius of the sphere is expressed through the rms radius as [see (18)]
Let us define a neutron skin parameter using proton r p and neutron r n rms radii:
and assume that it is small. We define the thickness of a neutron skin as the difference between neutron and proton rms radii: ∆r np = r n − r p , then y ≈ 2∆r np /r p . To first order in y (28) the integral q n simplifies to: Table I : Mean values of the coefficients ε from (33) and η from (34) for different elements, assuming Fermi distribution of nuclear density with the diffuseness value z = 0.53(4) fm [20] . Here ∆ε and ∆η represent the maximum deviation of ε and η from the mean value in isotopes A of a given element. One can evaluate integrals q p and q n using a more realistic approach, with the neutron and proton nuclear density having the shape of Fermi distribution:
where B is normalization constant such that
where the parameter R 0 is the radius of the distribution and z the diffuseness (see Fig. 1 ). Here the rms radius is expressed through R 0 as:
In the limit of z → 0 the ρ F (R, R 0 ) reduces to the sharpedge spherical distribution with radius R 0 . For further calculations, we use the mean value of diffuseness of experimental charge distributions z = 0.53(4) fm presented in Ref. [20] . Using the approach similar to that employed for obtaining Eqs. (25) and (29), one can show that to first order in (Zα) 2 , integrals (16) and (17) can be expressed as:
assuming |y| 1. Here ε and η become functions of the nuclear radius R, but remain close to the sharp-edge values ε 0 = 817/3150 ≈ 0.2594 and η 0 = 116/525 ≈ 0.2210 (see Table I ). In fact, the dependence of ε and η on R is weak and they can be treated as constants for a selected element. A more detailed approach to analytic calculation of the dependence of a PNC matrix element on the nuclear shape was described in [21] .
Let us estimate the influence of nuclear parameters R p and R n on the isotopic ratio. For this analysis we assume no new physics couplings (∆Q = 0). With (1−4 sin 2 θ) ≡ ξ the ratio (21) reads:
Here we retained only the first order in the expansion of R in (Zα) 2 and introduced the notations: ∆N = N − N and κ:
If one assumes the sharp-edge model where q p = q p = q p,0 and η = η = η 0 , then κ simplifies to:
Here the second term comes from the proton contribution to the nuclear effective weak charge and it does not depend on the nuclear structure. The third term gives the explicit dependence of κ 0 on the change of the ratio of neutron and proton radii; in the sharp-edge model, if the neutron radius is strictly proportional to proton radius, y − y sums to zero. Let us write an expansion of the isotopic ratio (21), which combines both new physics (23) and neutron skin (36) contributions, in order to examine their joined contributions to the ratio (N > N ):
In the sharp-edge model:
As Table I indicates, ε and η are almost constant for a given element, and therefore the values of q p , q p and η, η are close. The expressions (37) and (39), initially derived for sharp-edge model, can thus also be used within the Fermi distribution model, provided that q p,0 is replaced with q p and η 0 with η (see Table I ). The Eq. (39) then becomes
Note that ∆Q P enters the isotopic ratio (40) the same way as ξ. New physics corrections to proton coupling would thus manifest themselves similarly to corrections to Weinberg angle. In fact, probing the Weinberg angle in low-energy experiments presents an unique opportunity for search for a number of new physics scenarios, such as dark Z boson [1, 22] .
The characteristic scales of ∆Q P for various new physics scenarios were discussed e.g. in [9] ; for a more recent review see [1] . Constraints on ∆Q P arising in presence of additional Z bosons, were recently reported in [2] , and were based on measurements of Yb PNC amplitudes and atomic calculations [23] .
III. NUCLEAR DEFORMATION
As Eq. (40) shows, the value of the ratio R depends primarily on the neutron numbers and radii of the involved isotopes. It is thus most efficient to make use of a pair of isotopes with the largest possible ∆N to maximize the ratio.
A large change in rms radius between two isotopes can occur when there is a significant change in nuclear deformation. The simplest case of quadrupole deformation of a sharp-edge nucleus is a surface:
where r 0 is a radius parameter and Y 
Here β is the deformation parameter; usually, β 1/3 [24] . The mean charge radius that corresponds to the surface (41) would be expressed as:
Given the constant volume of the nucleus, the mean charge radii of the deformed r 
The quadrupole deformation is directly connected to the nuclear intrinsic quadrupole moment Q [25] :
There could be a weak quadrupole moment as well, due to the deviation of neutron distribution from the spherical shape. It would result in a tensor PNC interaction between the nucleus and the electrons, as discussed in Refs. [26, 27] . A tensor interaction has different selection rules from a scalar (spin-independent) interaction, so it is possible to separate one from another in an experiment. Therefore, for the purposes of the present work, it is sufficient to treat deformed nuclei as spherical nuclei with equivalent charge radius R 2 p .
IV. EVALUATION OF PARAMETERS IN PNC MATRIX ELEMENT FOR SPECIFIC ISOTOPES
Let us find the dependence of the nuclear part in (14) on the ratio of the neutron and proton equivalent radii R 2 n /R 2 p and on the new-physics couplings to protons and neutrons in isotopes proposed for PNC experiments [1] . The neutron-skin parameter y is defined in Eq. (28) . To first order in (Zα) 2 and y, the nuclear part of (14) can be expressed as:
defining Table II . The rms nuclear charge radii r p are taken from Ref. [28] . The errors presented in Table II come from the predominantly experimental errors in r p and the error in the value of z. If one used SE model in contrast to the Fermi distribution described above, the normalization N = (2ZR p /a B ) 2γ−2 would be lower by 2-3%, the values of q p and B 0 would change by approximately 1%, whereas the coefficient B 1 would decrease by 7 − 10%. Let us examine the role of experimental uncertainties in nuclear charge radius in a possible extraction of neutron-skin thickness. Based on neutron-skin calculations [29] , a typical value of the parameter y for the isotopes considered in the present work would be 0.04−0.09. If one assumes that both the nuclear part of the PNC amplitude NQ and the weak charge Q W are known with a 0.1% certainty, whereas the experimental uncertainties of charge radii are as listed in [28] and z = 0.53(4), then the error in y is ∆y ≈ 0.03 − 0.05, with the tendency of ∆y to decrease with Z. This error is typically more than 50% of the value of y, notably for lighter atoms. If the uncertainty of NQ is raised to 0.3%, the error in y becomes more than its value in lighter atoms and more than a half of its value in heavy atoms. It is thus crucial for the extraction of y from a single-isotope amplitude NQ to know with high accuracy both the charge radius and the diffuseness of the nuclei. Indeed, a large portion of the resulting error comes from the uncertainty in z. If one sets ∆z = 0 (given the case of 0.1% certainty for NQ and Q W ), the reduction in ∆y is 30 − 50%. Interpreting experimental results thus poses a challenge for nuclear models.
V. ANALYSIS AND OUTLOOK

A. Single isotope
It is convenient to express the size of nuclear-structure corrections as a fraction of the dominant PNC effect arising solely fromĥ SI,0 [Eq. (7)]:
thus leading to δE n.s. PNC
where Q W is the SM nuclear weak charge defined in Eq. (8) . Assuming, as most realistic nuclear models imply, that the distributions of protons and neutrons are not radically different in shape, we express first-order values of q p and q n in the form of (33) and (34). At the tree level and using the electron wave functions given in the Appendix, we obtain δE n.s. PNC
Since 2K/(Zα) 2 ≈ 3/7, the quantity (54) is approximately equal to that given by the commonly used formula (see e.g. [29] ):
which comes from a more crude estimate of integrals q p (16) and q n (17) in the sharp-edge model. Eq. (55) slightly underestimates the effect of a neutron skin on the PNC amplitude E PNC . We estimate the ratio δE n.s.
PNC /E PNC according to Eq. (53), using neutron skin thicknesses calculated in [29] and tree-level Q W (10), taking into account uncertainties of r 0 and z. The results are presented in third-to-last column of Table II . The values of δE n.s.
PNC /E PNC calculated with the simplified formula (54) would differ only insignificantly.
B. Isotopic ratio
From Eqs. (38) and (39) one can see that isotopic ratios are, indeed, largely insensitive to the new couplings to neutron ∆Q N . This allows one to isolate new proton couplings when taking a ratio of PNC effects in different isotopes.
The relative sensitivity to nuclear structure and new proton couplings in isotopic ratios is most obvious if we turn to the formula (40) and compare the coefficients
Both coefficients (56) and (57) are, generally, of the order of 0.01. In lighter atoms, such as Cs and Ba, c p can be greater than c n , which implies slightly better sensitivity to new proton couplings, but in heavier atoms (Dy, Yb, Pb, Fr and Ra) c n dominates.
To give an estimate for the relative size of proton and neutron contribution in the isotopic ratio, we substitute (y − y) based on the neutron skin calculations [29] and compare second and third terms in parentheses in Eq. (40). The ratio of neutron to proton contribution to (40) is
is ≈ 0.2 for all isotopes of Cs and Ba, ≈ 0.3 for Sm and Dy and varies between 0.3 and 0.6 for selected pairs of isotopes in Yb, Fr and Ra. The neutron distribution effect is thus more pronounced in heavier atoms. If one aims to avoid significant neutron skin contributions, it is better to choose lighter elements. Since the equation (40) provides a good approximation for the Fermi model and the neutron-skin correction to the ratio depends solely on
it means that the errors in neutron skins for different isotopes, if correlated, cancel out when an isotopic ratio is evaluated. The errors in y are indeed shown to be correlated in Ref. [29] . This cancellation enables use of isotopic ratio measurements to search for new physics couplings. If the aim is to detect the neutron skin effect in an isotopic ratio, it is meaningful to choose pairs of isotopes with greater relative neutron skin contribution:
Values of the above ratio for selected pairs of isotopes are presented in Table II. A 0.1% uncertainty of nuclear weak charge Q W would result in approximately 0.14% uncertainty of the ratio R for any pair of isotopes considered, which is larger than or comparable to the neutron skin effect (60) in some of the pairs, but is about a half of ∆ n.s. /R in others, prominently in heavier elements.
Note that the parameter c n [Eq. (57)] is close in value to the sensitivity to neutron skin K [Eq. (54)] of an individual isotope, as indeed follows from their definition. Therefore in Table II we present only c p and c n . (48) for the nuclear factor of the PNC amplitude, expanded in Eq. (46). The parameter Z is the atomic number of an element, A is the atomic mass number, N the number of neutrons and rp is the rms radius of a given isotope in fm [28] . The normalization constant is N = (2ZRp/aB) 2γ−2 , where Rp is the equivalent proton radius. The coefficients B0 and B1 are defined in Eqs. (47) and (48). The isotopic-ratio parameters cp and cn follow Eqs. (56) and (57). The initial reference isotope for cp is always the first in the list belonging to each element, and cn is the same for any pair of isotopes of a given element. Calculated differences between neutron and proton rms radii ∆rnp come from Ref. [29] . Approximate values of neutron-skin contributions to single-isotope PNC amplitudes δE n.s. /E [Eq. (54)] and to the ratios of PNC amplitudes ∆n.s./R [Eq. (60)] are listed in the third-to-last and second-to-last columns. The last column indicates ratios of neutron skin contributions to proton contributions χ in an isotopic ratio, defined in (58), for a given pair of isotopes. The reference isotope of an element for ∆n.s./R and χ is always the first isotope with known ∆rnp. Stable isotopes and isotopes with half-life longer than 10 8 y are written in boldface. (1) 2.799 (9) In Ref. [2] the PNC effects were measured in four even isotopes of Yb. Table III details the size of the neutronskin contribution to the PNC amplitude in individual Yb isotopes and their ratios, according to neutron skin values from [29] and Eqs. (54) and (60). The listed values indicate that it may be possible to detect the neutron skin contribution in an isotopic ratio of Yb if 0.1% level of accuracy is reached. Relative contribution of the neutron-skin effect to the total PNC amplitude or a ratio of PNC amplitudes in Yb isotopes used in experiment [2] , evaluated according to Eqs. (53), (58) and (60). We compute the difference between neutron and proton rms radii ∆rnp from [29] and nuclear charge radii rp from [28] . The ratio χ of neutron skin contribution to proton contribution in an isotopic ratio R is defined in Eq. (58). In order to obtain useful experimental information regarding the new physics couplings or the behavior of neutron skins, one would typically need to know the ratio R with ∼ 0.1% accuracy. Pairs of isotopes with large ∆N , e.g.
209 Fr and 221 Fr or 144 Sm and 154 Sm, offer an estimated contribution of neutron skin in the isotopic ratio greater than 0.1% and one can expect that a pair of the lightest and the heaviest isotope in Fr or Ra would produce even greater neutron skin contribution.
VI. CONCLUSION
In this work, we provided numerical evaluation of the dependence of spin-independent PNC effect on new physics and neutron skin effects for atoms of current experimental interest. On the basis of the data presented above, one can select the most suitable isotopes and pairs of isotopes for further PNC experiments. We estimated the size of neutron skin corrections for both single isotopes and isotopic ratios. If a 0.1% accuracy in the isotopic ratio measurement is reached, neutron skin effects can be detected in any of the eight elements presented in Table II , given that isotopes with the largest difference in neutron number ∆N are chosen. It was discovered that the uncertainty in Fermi-model diffuseness z (and, therefore, in the model of nuclear density in general) plays a crucial role in the extraction of the neutron skin from the single-isotope experiments, which poses a challenge for improvement of nuclear models.
Isotopic ratios give an opportunity to probe new physics corrections to the standard model proton couplings in low-energy experiments, and, in contrast to single-isotope experiments, without the need to calculate many-body electronic factor of the PNC amplitude. If the neutron skin uncertainties cancel out [29] , isotopic ratios can constitute a valuable tool for the search of a list of new physics scenarios, such as new Z bosons [1, 2, 22, 23] . We found that if a large contribution of neutron skin is to be avoided, it may be beneficial to choose a pair of isotopes with a large ∆N of one of the lighter elements. On the other hand, for experiments aiming at detecting the neutron skin, heavier elements such as Yb, Pb, Fr and Ra possess a pronounced neutron skin contribution to the PNC effects.
